We provide a definition for operator size at finite temperature. In all many-body quantum systems studied to date, the lifetime τ of small operators is no smaller than the Planckian time /k B T . We elucidate mechanisms by which previously conjectured Planckian bounds are violated: in particular, we show how disordered metals and insulators avoid conjectured Planckian bounds on transport.
Introduction 1
It has long been believed that the Planckian time scale /k B T bounds "quantum dynamics" in a manybody system with N 1 degrees of freedom and few-body interactions:
An intuitive argument follows from the Heisenberg energy-time uncertainty principle ∆E∆t ,
so long as we set τ = ∆t and k B T = ∆E. Unfortunately, ∆t is formally a dephasing time for the many-body wave function [1] : it is neither measurable nor significant when N 1. Nevertheless, driven by both theory and experiment, bounds similar to (1) have been conjectured for many physically measurable quantities. (i ) In strongly coupled systems, including quantum critical models [2, 3] and holographic models [4, 5, 6] , the correlation functions of spatially local operators O obey O(t)O ∼ e −γt , where γ ∼ k B T / . One conjecture is that γ −1 obeys (1). (ii ) Many experiments do not measure decay rates γ directly, but instead measure dissipative transport coefficients such as electrical condcutivity σ. If we write σ = χ JJ τ tr (3) with χ JJ a suitable thermodynamic coefficient, then τ tr is a "transport time". Remarkably, the conductivity of many strongly interacting metals is consistent with τ tr ∼ /k B T [7, 8, 9] , which suggests that (sometimes) τ tr /k B T [10] . (iii ) Cold atomic gases [11] and quark-gluon plasma [12, 13] have viscosities compatible with a Planckian bound on the viscosity η of quantum fluids, η/T s /k B T , with s the entropy density [14] . (iv ) These resistivity and viscosity bounds have been proposed to be examples of a generic Planckian diffusion bound D v 2 /k B T [15] ; experimental evidence for Planckian thermal diffusion is presented in [16, 17] . (v ) In many interacting systems, the quantum Lyapunov time obeys [18] τ L ≥ 2πk B T .
In some theories, (4) appears related to the proposed Planckian bound on diffusion [19, 20, 21, 22, 23, 24, 25, 26, 27, 28, 29, 30, 31, 32, 33, 34, 35] . As stated, all of the above bounds have explicit counterexamples. (i ) Disorder gives many measurable operators a finite decay rate at zero temperature in a non-interacting Fermi gas [36] , violating a Planckian bound on decay rates. (ii ) Planckian lower bounds on the conductivity are violated by the residual (temperature-independent) conductivity of metals at T = 0 [36] , and at a continuous disorder-driven metal-insulator transition. This transition was a counterexample to the Mott-Ioffe-Regel bound [37, 38] , where τ tr was conjectured to be at least as large as the quasiparticle coherence time. (iii ) Bounds on η/s are violated with higher derivative holographic models [39] and/or with anisotropy [40, 41] ; holographic anisotropic violations are resolved in [19] . (iv ) Universal bounds on diffusion related to quantum chaos are upper bounds: D v 2 τ [42, 43, 44, 45, 46] . (v ) Conformal field theories in two spacetime dimensions, including non-interacting fermions, violate (4) [18] . We emphasize that such facts are well known, but complicate efforts to make (1) precise.
The purpose of this letter is to try to reconcile the the counterexamples listed above with the large body of theoretical and experimental evidence that dynamics in strongly coupled systems is somehow limited by the Planckian time scale. We define an effective operator size at finite temperature, and observe that the time scale τ over which a generic "small" operator decays into "large" operators is compatible with (1) in all quantum many-body systems studied to date (to the best of our knowledge). Operator size dynamics elucidates the physical mechanisms by which previously conjectured Planckian bounds are avoided. In particular, we will explicitly show how the transport time τ tr avoids a Planckian bound in conventional disordered metals, and at the disorder-driven metal-insulator transition.
Operator Size 2
We first review how to define operator size at infinite temperature [47, 48, 49] . For simplicity we begin by assuming that the many-body Hilbert space has a natural tensor product decomposition: H = H i ; for simplicity we take dim(H i ) = q for all i. We assume that the many-body Hamiltonian is k-local:
where H X acts non-trivially only on the sites contained in subset X. Spatial locality in any finite dimension is not required. We assume k ∝ N 0 . For generic H, k-locality holds in a unique basis (up to local rotations) [50] , so the tensor product decomposition of H is not arbitrary. Hermitian operators A on H form a real vector space B. Let T a denote the generators of SU(q), normalized to tr(T a T b ) = qδ ab , and let 1 denote the identity. A complete set of basis vectors for B is
this basis is orthonormal. The size of an operator S should be a positive semidefinite operator on B.
Intuitively, we want |X 1 ⊗ · · · ⊗ X N ) to be an eigenvector of S with eigenvalue s if exactly s of the X j are not the identity. One explicit equation for S is
where T a i denotes the Hermitian operator T a acting non-trivially only on H i . We choose an N -independent cut-off R, define a projector p onto eigenvectors of S with eigenvalues ≤ R, and define q = 1 − p. We define an operator to be small if |A) = p|A), and large if |A) = q|A).
An operator evolves in time as A(t) = e iHt Ae −iHt . We re-write this as |A(t)) = e Lt |A) with
By unitarity (i.e. antisymmetry of L), dt (A(t)|A(t)) = 0. Small operators become large because |A(t)) rotates into (sums of) eigenvectors of S with increasing eigenvalue. Assuming that (A|A) = 1, and that |A) has measure zero overlap with conserved quantities (null vectors of L), we define τ as the smallest time such that (A(t)|p|A(t)) < e −t/τ , (t → ∞)
for a generic simple operator |A). At infinite temperature, τ will be related to the microscopic couplings in H, but is expected to be finite in arbitrary k-local quantum systems [51] . The most natural way to treat finite temperature effects is to modify the inner product (6) . Let ρ ∝ e −βH be the thermal density matrix. One useful inner product is
Without loss of generality we take tr(ρA) = 0; then (A|B) = T χ AB where χ AB is the thermodynamic susceptibility matrix [52] . S, as defined in (7), remains positive semidefinite. We continue to take this as the definition of size, and continue to define small operators as before. All temperature dependence in the effective size will arise through the non-trivial inner product (10) . If A is s-local,
where A ∞ is the maximal eigenvalue of A. In extensive systems (A|A) ∝ N 0 and A ∞ ∝ N 0 . Thus (11) implies that a small operator of size ∝ N 0 at T = ∞ remains (mostly) small at finite T , although we will discuss models where the natural "cutoff" R ∝ T −α N 0 can diverge at low temperatures.
Operator Growth and Decay 3
When T < ∞ we cannot easily diagonalize S. We now describe alternative bounds and constraints on (A(t)|p|A(t)), and thus on τ , as defined above.
One very simple constraint comes from the Cauchy-Schwarz inequality. Without loss of generality,
(A(t)|A) is a two-point correlation function and in all known quantum many-body systems where |A) has no overlap with a conserved quantity, (A(t)|A) ∼ e −t/τ 2 as t → ∞, where τ 2 is the lifetime of a quasinormal mode. If (A|q|A) 1, τ 2 τ ; the decay rate of small operators into large operators is typically bounded by the lifetime of quasinormal modes which overlap with (largely) small operators. Indeed, when the two-point function (A(t)|A) measures the overlap of |A(t)) with a specific operator which is (mostly) small, it bounds the decay of (A(t)|p|A(t)), which measures the overlap of |A(t)) with any small operator. As noted in the introduction, τ 2 /k B T for s-local operators in all strongly coupled systems studied to date. Small operators have a lifetime obeying (1) in all of these systems.
In addition, (A(t)|S|A(t)) is a sum of many out-of-time-ordered correlators (OTOCs), each of which are used to probe quantum many-body chaos [53] . Using the definition of the Lyapunov time, which measures the exponential rate of change of
where C ∝ N 0 so long as the interaction graph is regular [51] . Using Markov's inequality,
When (A|A) = 1, C ∼ 1 and (A|S|A) R in (13), then the bound (4) implies (1). The bound (4) is proven subject to suitable assumptions about the early and late time factorization of four-point functions, which hold in many interacting systems.
However, there exist simple systems where OTOC growth cannot be bounded [18] , yet where we intuitively expect (1) to hold. For example, consider a free fermionic theory where
Here there is no bound on the growth of OTOCs because correlators of c i do not suitably factorize at late times [18] ; a simple example of this effect is the emergence of a sharp lightcone in {c † x (t), c 0 }{c † x (t), c 0 } † when x ∼ ct, in a model of Dirac fermions in two spacetime dimensions. Yet at T = ∞ it is obvious that operators do not grow: s-local operators remain s-local at any time. We show in Appendix A that a generalization of this result holds at finite T : d dt (A(t)|S|A(t)) = 0. Small operators can never decay into large operators. However, small operators can rotate into other small operators, and we will later show that this is responsible for the breakdown of transport bounds.
At low temperature, we expect our definition of effective operator size is controlled by the effective theory of the microscopic lattice model. As an example, adding an irrelevant perturbation to a noninteracting fermion theory should lead to perturbatively small growth in operator size, even though such an interaction may have large operator norm in the microscopic Hamiltonian. An exception arises in special models, such as the quantum Ising model on a one dimensional lattice [3] , where H looks k-local under two "dual" decompositions of H, related by a nonlocal transformation. In these models, in the non-interacting basis where H = h ij c † i c j , small operators such as c i (t) behave exactly as described above; in the interacting basis, H is local in terms of operators such as V n = exp[i j<n a j c j ](t), which can grow large [54, 55] .
A more speculative example of a system which may respect (1) but violate (4) is a quantum system defined on a heterogeneous (e.g. scale free) network [51] . Infections grow super-exponentially on such graphs [56] , and suitable quantum dynamical systems exhibit analogous super-exponential operator growth [51] . In contrast, a simple operator on a low-degree vertex in such systems has a finite lifetime at T = ∞ [51] . It would be interesting to carefully study operator size dynamics in such systems.
The SYK Model 4
As an explicit example, we now describe operator dynamics in the Sachdev-Ye-Kitaev (SYK) model, which is a q-local (q > 2) model of N Majorana fermions χ i (i = 1, . . . , N ) [57, 58, 59 ] with coupling constant J; note that {χ i , χ j } = δ ij . For simplicity we take (A|B) = tr( √ ρA † √ ρB) and define the size operator on fermionic A and B as (see Appendix A)
At T = ∞ and at large q, operator dynamics was studied in [49] : one finds that (χ 1 (t)|χ 1 ) ≈ e −2Jt/q while (χ 1 (t)|S|χ 1 (t)) ≈ 1 2 e 2Jt + · · · ; here and below · · · denotes subleading contributions at large t. Up to the factor of 1 2 , these two formulas are identical to what is predicted by classical infection dynamics [47, 48, 49] : operators grow large because their small constituents decay into ≈ q larger operators. When 1 N T J, (4) becomes saturated while (χ 1 (t)|χ 1 ) ∼ (βJ) −2/q e −2πt/βq [58] , which is suggestive of the classical infection analogy also holding at finite T . Using results from [60] , we find that
, we conclude that a single fermion operator has size ∼ (βJ) 2/q . As q → ∞, (βJ) 2/q → 1 and the T -dependent enhancement of size is unimportant.
Calculating more generic OTOCs, one finds that j tr(
The specific operator ordering of (15) leads to a cancellation of the βJ enhancement in a more generic OTOC. Interestingly, this cancellation leads to an infection-like analogy for operator dynamics at finite T at large q, with operator growth occurring on the time scale τ L ∼ β and operator decay simultaneously occuring over a time τ 2 ∼ qβ. At finite q, there is an apparent "lag" in the exponential growth of chaos, as compared to the infection analogy, implying that χ 1 (t) is also decaying into other small operators. At any q, the SYK model is consistent with the notion that small operators do not decay faster than allowed by the Planckian rate. The SYK model shares many common features with quantum gravity in nearly-AdS 2 spacetimes [58, 59, 61, 62] . There are alternative notions for measuring the effective size of operators at finite T in the SYK model [63] which may have an elegant dual interpretation in the gravity theory [64, 65] . There is no bound (1) on the lifetime of small operators using the definition of size from [63] .
Transport Bounds 5
We now reconcile (1) with the theory of bounds on τ tr using the memory function formalism. Given a projection operator p and the current operator |J) = p|J), we may write the conductivity σ =σ JJ , wherê
where
We now take p to project onto |J) along with all small operators (as defined above). N AB is antisymmetric and encodes the "rotation" of small operators into one another. All "dissipation" of small operators into large operators is encoded in M AB . Any Planckian bound on the decay on small operators becomes a bound on |Im(ω * )|, where ω * is a pole ofσ AB (ω). Intuitively, we expect M AA T (if χ AA ∼ 1). Using T χ JJ = (J|J), τ tr can simply be defined using (3). If we had chosen p = |J)(J|/(J|J), we would have found
tr . In some cases, we can interpret τ tr as the time scale over which |J(t)) decays into other operators orthogonal to |J). One interesting example is a non-interacting weakly disordered Fermi gas, where τ tr is finite and related to elastic scattering of momentum eigenstates off of the impurity potential. This time scale also contributes to a residual resistivity (∝ T 0 ) that violates a Planckian resistivity bound, since χ JJ ∝ T 0 as T → 0 (see Appendix A). We emphasize that τ tr is finite even when small operators do not decay into large operators.
In general, however, τ tr is unphysical and is not a decay rate for any correlation function. As a simple example of why, consider metallic transport in a weakly disordered metal in two spatial dimensions, in a weak background magnetic field B. The dissipative conductivity is approximately [66] 
where τ 0 is the momentum relaxation time and ω c ∝ B is the cyclotron frequency. In the absence of disorder, τ 0 → ∞, and τ tr = τ 0 /(1 + (ω c τ 0 ) 2 ) → 0. Even if τ 0 is bounded, τ tr can take any non-negative value. This does not imply the absence of constraints or bounds on physical time scales in the problem. Using the memory matrix formalism, we find that the vanishing of τ tr at a typical disorder-driven metal-insulator transition (with or without interactions) is analogous to taking ω c τ 0 → ∞ in (18) . Roughly speaking, "τ 0 → ∞" at the localization transition because the spatial freezing of dynamics prevents the exponential decay of any given operator, while ω c is analogous to the finite dephasing frequencies between nearby eigenstates. More formally, our observation is simply that (at least in all known examples) M AB and χ JA remain finite in the presence of disorder: then the only way forσ JJ → 0 is for a relevant component of the memory matrix to vanish: see Appendix B.
As an instructive example, we now discuss the dynamics of operators in the fully many-body localized (MBL) phase [67] in d = 1 spatial dimension. (This phase appears to be the most disordered of a sequence of phase transitions driven by disorder [68, 69, 70, 71] ; the MIT is the first of such transitions.) Assuming sufficient stability of localized eigenstates to local perturbations [67] , we find that |J) has zero overlap with any null vector of L in Appendix B: if L|ψ) = 0, then (J|ψ) = 0. Using (16) and p|J) = |J), we then obtain σ = 0. A physical transport time scale is not zero here: σ = 0 because small operators sufficiently rotate among themselves under time evolution. A heuristic model for the fully MBL phase in a model with local Hilbert space dimension q = 2 is H = h i σ z i + h ij σ z i σ z j + h ijk σ z i σ z j σ z k + · · · , with |h ij | e −|i−j|/ξ exponentially localized random couplings on the lattice [67] ; note that |J) will be a local operator containing ξ Pauli matrices. Since H contains only σ z , operator dynamics is extremely slow and proceeds only through the exponentially suppressed h ij , h ijk etc. between very distant lattice sites: the lifetime τ of operators of size R obeys τ e αR for some constant α [72, 73, 74, 75] . |J(t)) exhibits nearly non-dissipative dynamics, rotating among small operators for an exponentially long time, instead of decaying into large operators with a finite rate. Because τ tr = σ = 0 is a consequence of this slow non-dissipative dynamics, there is no discrepancy with Planckian bounds on dissipation.
Near strongly coupled MITs, including in holographic models, we expect that τ tr is also unphysical. We expect some quasinormal modes to have (at least) Planckian lifetimes near all holographic metal-insulator transitions [76, 77, 78, 79] where σ → 0. Strongly coupled inhomogeneous systems with D v 2 β exhibit bottlenecks where spatial dynamics is slow, even as the temporal decay of non-conserved operators should be Planckian. We expect that antisymmetric contributions to M AB + N AB are responsible for small diffusion constants and transport times. At least in holographic models, however, it may be difficult to explicitly check these predictions.
Outlook 6
We have defined an effective operator size S at finite temperature. Because a generic interacting Hamiltonian only looks local in a unique (up to local rotations) basis [50] , the choice of S is highly constrained and the decay time τ of small operators is physically well-defined. Unfortunately, τ is extremely difficult to directly measure experimentally. While recent experiments [80, 81, 82] have measured OTOCs in small systems, a measurement of the eigenvalues of S may require further experimental control, perhaps using generalizations of methods detailed in [83] .
We have also constrained the growth and decay of operator size in a broad range of many-body systems through both time-ordered and out-of-time-ordered correlators. Remarkably, the lifetime of small operators appears to always obey the heuristic Planckian bound (1) . Perhaps this relationship is universal in k-local quantum systems, and can be made precise.
All known examples of quantum systems which saturate a postulated Planckian bound on transport or chaos are strongly coupled. We expect that the defining characteristic of a strongly coupled quantum system is the rapid and direct decay of small operators into large operators, as measured in any basis where the Hamiltonian is local. A Planckian bound on this decay of small operators provides a compelling answer to the longstanding question of why the "saturation" of Planckian transport and chaos bounds is a generic feature of strongly coupled systems, even if these bounds do not apply to weakly coupled systems.
Free Fermions A
In this appendix, we consider operator size and dynamics in a theory of (spinless) free fermions with Hamiltonian
where h ij is an arbitrary Hermitian matrix. We employ Einstein summation conventions on indices.
A.1 Eigenstates and the Current Susceptibility
Let us first define the unitary transformation U :
to the eigenbasis α of single particle eigenstates where (19) becomes
The conductivity is a fermion bilinear operator of the form J ij c † i c j where J is a Hermitian matrix. A natural basis for such operators is
The inner product (10) on such operators is
where σ denotes ±.
If the current operator is J = J αβ c † α c β , then
In a free theory J αα = 0, though with disorder we expect that J αα = 0 (as particles should either diffuse or be localized). So long as there exists a sufficient density of states α and β with α < 0 < β and J αβ = 0, χ JJ > 0 approaches a T -independent positive constant as T → 0. Even in the Anderson localized phase, we expect such pairs of localized states will generically exist. More generally, a natural basis for all possible operators consists of a tensor product of operators 1,
Because the density matrix of free fermions can be written as ρ = ρ α , it is easy to show that the four operators listed above are orthogonal, and thus generate a complete orthogonal basis of operators. Note that unlike the real vector space of Hermitian operators described in the main text, this is a complex vector space which includes non-Hermitian operators.
A.2 Operator Size
Now let us study the dynamics of operator size in a theory of free fermions. We will use a slightly modified definition of S as compared to (7) which is more naturally suited to a theory of fermions:
where η = 1 denotes the commutator if the operator A contains an even number of fermions (is bosonic) and η = −1 denotes the anticommutator if A contains an odd number of fermions.
One very useful property of (26) is that it is "basis independent". Consider the Hermitian matrix
Using (26), we conclude that the size of the operator A is given by tr(S(A)). Using (20), we see
i.e. the matrix S consists of a sum of two terms, each of which transforms in a straightforward way. Upon evaluating the trace S αα , we see that the factors of U U † cancel; thus operator size is the same in each single-particle basis. It is natural to work in the eigenbasis of H. Now consider a generic operator in the eigenstate basis:
Since
we conclude that
Note that there are no further cross terms relative to what was written above due to the orthogonality of operators when written in the eigenbasis. Since average operator size does not grow in a fermionic theory, we conclude that the decay rate for small operators is infinite, as claimed in the main text.
Memory Matrix Theory for an Insulator B
In this appendix, we prove that regardless of the decay rate of operators, σ = 0 in a theory where (J|O) = 0 whenever L|O) = 0. We then show that this condition is always obeyed in the MBL phase. We expect that whenever χ JJ > 0, the mechanisms detailed in this appendix, and/or in (18) are responsible for a vanishing conductivity.
B.1 Eigenstates
We begin by evaluating the inner product (10) in a convenient basis of Hermitian operators. Let H|α = E α |α correspond to an eigenstate/eigenvector of H. Without loss of generality, we take α|β = δ αβ . A suitable basis of Hermitian operators on H is |αα) = |α α|, (33a)
A straightforward calculation shows that this is an orthogonal set of basis vectors with
where Z is the thermal partition function. The Liouvillian L acts in a simple manner as well:
We conclude that null vectors of L correspond to |αβ) ± where E α = E β .
B.2 Conductivity
If (J|O) = 0 whenever L|O) = 0, that means that α|J|β = 0 whenever E α = E β . It is then clear that σ = 0: we may write L as a block-diagonal matrix
where L 0 is invertible, the top row/column corresponds to basis vectors which are null vectors of L, and the bottom row/column corresponds to non-null vectors. Using (34), we see that the operator inner product is block diagonal. If (J|O) = 0 whenever L|O) = 0,
Using (16), we conclude that
In the last step, we used the fact that the inverse of an antisymmetric invertible matrix is antisymmetric. We can also understand σ = 0 from the memory matrix perspective. As in the main text, we "integrate out" all operators which are both large (as defined in the main text) and orthogonal to |J). Assuming that χ JJ is not vanishing, which is guaranteed so long as (10) is a non-singular inner product, then σ = 0 implies (M +N ) 
B.3 (Many-Body) Localized Phases
We now show that in the MBL phase, (J|O) = 0 whenever L|O) = 0. The physical assumptions necessary to show this are (i ) in every eigenstate α|J|α = 0 (which is plausible as these states do not transport charge), and (ii ) eigenstates are robust against small local perturbations [67] . To be more precise in our second assumption, let V be a sum of spatially local operators, and let |α λ denote a many-body eigenstate of H + λV . We then assume that ∂ λ |α λ < ∞. Thus there exist eigenstates |α λ , which vary continuously in λ, and whose eigenvalues E α (λ) are continuous. Applying ∂ λ to α|H|β = E α δ αβ and α|β = δ αβ , and subsequently sending λ → 0, we obtain 0 α|V |β 0 = (E β (0) − E α (0)) 0 α|∂ λ |β 0 (α = β).
Letting V = J, the current operator, we conclude that α|J|β ∝ (E α − E β ). Thus, as advertised, |J) has no overlap with any null vector of L.
The arguments above also apply to the Anderson localized (non-interacting) insulator, with α and β now single-particle eigenstates.
